Motivated by the dark energy issue, the one-loop quantization approach for a family of relativistic cosmological theories is discussed in some detail. Specifically, general f (R) gravity at the one-loop level in a de Sitter universe is investigated, extending a similar program developed for the case of pure Einstein gravity. Using generalized zeta regularization, the one-loop effective action is explicitly obtained off-shell, what allows to study in detail the possibility of (de)stabilization of the de Sitter background by quantum effects. The one-loop effective action maybe useful also for the study of constant curvature black hole nucleation rate and it provides the plausible way of resolving the cosmological constant problem.
Here f (R) is in principle an arbitrary function. By introducing the auxiliary fields A and B, one may rewrite the action (1.1) as
Using the equation of motion and deleting B one gets to the Jordan frame action. Using the conformal transformation g µν → e σ g µν with σ = − ln f ′ (A), we obtain the Einstein frame action (scalar-tensor gravity), as follows:
3)
V (σ) = e σ g e −σ − e 2σ f g e −σ =
(1.4)
Note that two such classical theories, in these frames, are mathematically equivalent. It is known that they are not equivalent however at the quantum level (off-shell), due to the use of different parametrizations. Even at the classical level, the physics they describe seems to be different. For instance, in the Einstein frame matter does not seem to freely fall along geodesics, what is a well established fact.
As an interesting and specific example of the general setting above, the following action corresponding to gravity modified at large distances may be considered [1, 14] 
Here µ is (an extremely small) coupling constant and n is some number, assumed to be n > −1.
The function f (A) and the scalar field σ are f (A) = A − µA −n , σ = − ln 1 + nµA −n−1 .
(1.6)
The Friedman-Robertson-Walker (FRW) universe metric in the Einstein frame is chosen as
If the curvature is small, the solution of equation of motion is [14] a E ∼ t
.
(1.8)
The FRW metric in the Jordan frame is , w = − 6n 2 + 7n − 1 3(n + 1)(2n + 1)
(1.11)
The first important consequence of the above Eq. (1.11) is that there is the possibility of accelerated expansion for some choices of n (a kind of effective quintessence). In fact, if n > −1+ √ 3 2 or −1 < n < − 1 2 , it follows that w < − 1 3 and d 2 a dt 2 > 0. This is the reason why such a theory [1] and some modifications thereof [5, 15, 16, 17, 18] have been indeed widely considered as candidates for gravitational dark energy models. The black holes and wormholes in such models have been also discussed [19, 20] . When −1 < n < − 1 2 , one arrives at w < −1, i.e. the universe is shrinking. If we replace the direction of time by changing t by −t, the universe is expanding but t should be considered to be negative so that the scale factor a ought to be real. Then there appears a singularity at t = 0, where the scale factor a diverges as a ∼ (−t) 2 3(w+1) . One may shift the origin of time by further changing −t with t s − t. Hence, in the present universe, t should be less than t s and a singularity is seen to appear at t = t s (for a discussion of this point, see [5] ):
That is the sort of Big Rip singularity. We should note that in the Einstein frame (1.7), the solution (1.8) gives w in the Einstein frame as
Therefore, in the Einstein frame, there is no singularity of the Big Rip type. In general, for the scalar field ϕ with potential U (ϕ) and canonical kinetic term, the energy density ρ and the pressure p are given by
Therefore w is given by
2 . Therefore in order that the phantom with w < −1 is realized, one needs a non-canonical kinetic term or a negative potential. For the action (1.3), the sign of the kinetic term for the scalar field σ is the same as that in the canonical action. Therefore, in order to obtain a phantom in the Einstein frame, at least, we need V (σ) < 0 or Af ′ (A) < f (A). For the case (1.5), if µ < 0, V can be negative. From (1.6), however, if the curvature R = A is small, σ becomes imaginary if n > 0, what indicates that the curvature cannot become so small. This is quite general. Let us assume that for a not very small curvature, f (R) could be given by the Einstein action, f (R) ∼ R; then, f ′ (R) ∼ 1 > 0. On the other hand, if we also assume that when the curvature is small, f (R) behaves as f (R) ∼ µR −n , where µ < 0 and n > 0, then f ′ (R) < 0 for small R. Hence, f ′ (R) should vanish for finite R, which tells us that σ diverges since σ = − ln f ′ (A). Therefore R cannot become so small. Even in the case when 0 > n > −1, Eq. (1.8) tells us that t E 0 and therefore σ becomes imaginary. Then a negative µ could be forbidden. At least the region where we have effective Einstein gravity does not seem to be continuously connected with the region where curvature is small for the case when a negative potential from modified gravity follows. Thus, classical modified gravity mainly supports the accelerated expansion.
The paper is organized as follows. In the next section the classical dynamics of f (R) gravity in de Sitter space is considered. Section three is devoted to the calculation of the one-loop effective action in f (R) gravity in de Sitter space. The explicit off-shell and on-shell effective action is found. The study of quantum-corrected de Sitter geometry for specific model of modified gravity is done in section four. It turns out that quantum gravity corrections shift the radius of de Sitter space trying to destabilize it. The calculation of the entropy for de Sitter space and constant curvature black holes is done in section five. Some remarks about black hole nucleation rate are done. The Discussion section gives some summary and outlook. In the Appendix A the black hole solutions with constant curvature are explicitly given for f (R) gravity. Appendix B is devoted to the details of the calculation of functional determinants for scalars, vectors and tensors in de Sitter space.
Modified gravity models
Recall that the general relativistic theory we are interested in is described by the action
f being a function of scalar curvature only. We have many possible simple choices for the Lagrangian density f (R). Here we consider the following three examples:
that is Einstein's gravity with quadratic corrections;
the model proposed in Ref. [1] and its trivial generalization
Here we shall be interested in models which admit solutions with constant 4-dimensional curvature R = R 0 , an example being the one of de Sitter. The general equations of motion for the model described by Eq. (2.1) are (see, for example, [21] )
5)
f ′ (R) being the derivative of f (R) with respect to R. If we now require the existence of solutions with constant scalar curvature R = R 0 , we arrive at
Taking the trace, we have the condition [21] 2f
and this means that the solutions are Einstein's spaces, namely they have to satisfy the equation 
For the model defined by Eqs. (2.2) and (2.3) we have, respectively, R 0 = 4Λ , Λ ef f = Λ , (2.10)
It is clear that this class of constant curvature solutions contains the 4-dimensional black hole solutions in the presence of a non vanishing cosmological constant, like the Schwarzschild-(anti)de Sitter solutions and all the topological solutions associated with a negative Λ ef f . In particular, with Λ ef f > 0, there exist the de Sitter and Nariai solutions, while for Λ ef f < 0 there exists the anti de Sitter solution. For the sake of completeness, in Appendix A we shall review all of them.
Quantum field fluctuations around the maximally symmetric instantons
In this Section we will discuss the one-loop quantization of the model on the a maximally symmetric space. Of course this should be considered only an effective approach (see, for instance [7] ). To start, we recall that the action describing a generalized Euclidean gravitational theory is
where the generic function f (R) satisfies -on shell-the condition
which ensures (as we have seen) the existence of constant curvature solutions. In particular, we are interested in instantons with constant scalar curvature R 0 , being also maximally symmetric spaces, namely having covariant conserved curvature tensors. An example is the S(4) de Sitter instanton. For maximally symmetric space, we have
Another symmetric background is H(4), associated with a negative cosmological constant. For the S(2) × S(2) instanton, the consideration we are going to extract are not valid, because it is not a maximally symmetric space and Eq. (3.3), which we shall use several times from now on, does not hold true. In that case, one should make use of the techniques described in refs. [22, 23] .
To start with, let us consider small fluctuations around the maximally symmetric instanton
As usual, indices are lowered and raised by the metric g
ij . Up to second order in h ij , one has √ g g (0)
where ∇ k represents the covariant derivative in the unperturbed metric g (0)
ij . By performing a Taylor expansion of f (R) around R 0 , again up to second order in h ij , we get
where, up to total derivatives,
For the sake of simplicity, we have used the notation
, and in what follows we will set X ≡ 1 4 (2f 0 − R 0 f ′ 0 ) (deviation from the on-shell condition). It is convenient to carry out the standard expansion of the tensor field h ij in irreducible components [10] , namely
where σ is the scalar component, while ξ i andĥ ij are the vector and tensor components with the properties
In terms of the irreducible components of the h ij field, the Lagrangian density, again disregarding total derivatives, becomes
where ∆ 0 , ∆ 1 and ∆ 2 are the Laplace-Beltrami operators acting on scalars, traceless-transverse vector and traceless-transverse tensor fields respectively. The latter expression is valid off-shell. In obtaining such expression, due to the huge number of terms appearing in the computation, we have used a program for symbolic tensor manipulations. As it is well known, invariance under diffeormorphisms renders the operator in the (h, σ) sector not invertible. One needs a gauge fixing term and a corresponding ghost compensating term. We consider the class of gauge condition, parametrized by the real parameter ρ,
the harmonic or de Donder one corresponding to the choice ρ = 1. As gauge fixing, we choose the quite general term [7] L gf = 1 2
where the term proportional to α is the one normally used in Einstein's gravity. The corresponding ghost Lagrangian reads [7] 
where C k and B k are the ghost and anti-ghost vector fields, respectively, while δ χ k is the variation of the gauge condition due to an infinitesimal gauge transformation of the field. It reads
Neglecting total derivatives, one has
where we have set
In irreducible components, one obtains
where ghost irreducible components are defined by
In order to compute the one-loop contributions to the effective action one has to consider the path integral for the bilinear part
of the total Lagrangian and take into account the Jacobian due to the change of variables with respect to the original ones. In this way, one gets [10, 7] 
where J 1 and J 2 are the Jacobians due to the change of variables in the ghost and tensor sectors respectively [10] . They read 22) and the determinant of the operator G ij , acting on vectors, can be written as
while it is trivial in the case β = 0. Now, a straightforward computation leads to the following off-shell one-loop contribution to the "partition function"
where Γ (1) is the one-loop contribution to the partition function and C 1 and C 2 are operators, which read
Equation (3.24) reduces to the corresponding one in Ref. [10] , when f ′′ = 0 (Einstein's gravity with a cosmological constant).
In the derivation of (3.24), it is understood that the functional determinants will be regularized by means of zeta function regularization [12, 13] (see Appendix). Furthermore, we have assumed the multiplicative anomaly to be trivial (see for example [24, 25] ). This is justified since here we are limiting ourselves to the one-loop approximation, and in such a case a non-trivial multiplicative anomaly may be absorbed into the renormalization ambiguity [26] . When necessary, we have also used the Hawking prescription of integrating over imaginary scalar fields. Furthermore, the problem of the presence of additional zero modes introduced by the decomposition (3.9) can be treated making use of the method presented in Ref. [10] . As one can easily verify, in the limit X → 0 (on-shell condition), Eq. (3.24) does not depend on the gauge parameters and reduces to
(3.26)
As usual, an arbitrary renormalization parameter ℓ 2 has been introduced for dimensional reasons. When f ′′ 0 = 0, namely in the case of Einstein's gravity with a cosmological constant, f (R) = R − 2Λ, one obtains the well known result [8, 9, 10] 
In order to simplify the off-shell computation, we choose the gauge parameters ρ = 1, β = 0 and α = ∞ ( Landau gauge). Thus, we obtain
(3.28)
Recall now that the functional determinant of a differential operator A can be defined in terms of its zeta function by means of (see for example [12, 13] ) 
where (see App. B) 
Now, we would like to present the explicit example for the model described by Eq. (2.4). First of all we consider the simplest case in the class of models defined by Eq. (2.4), thus
We may eliminate X and get
Hence, the one-loop effective action in f (R) gravity in de Sitter space is found.
Quantum-corrected de Sitter cosmology
Let us consider the role of quantum effects to the background cosmology. So far, such study has been done for Einstein or higher derivatives gravity only. In order to see the difference with such models, we take the example of modified gravity with the action
It is interesting to investigate the region where curvature is not very big, as otherwise the classical theory is effectively reduced to Einstein's gravity. Moreover, if curvature is small one can neglect the powers of curvature in the one-loop effective action supposing that logarithmic terms give the dominant contribution. The parameter µ 1 is chosen to be very small in order to avoid conflicts with Newton's law. As a result, one obtains
Here α and β are constants. It is assumed that the curvature is constant, R = R 0 . Let us find the minimum of Γ with respect to R 0 . One can write Γ ′ (R 0 ) as
F (R 0 ) = 0, which corresponds to the classical solution. When R 0 ∼ 0, F (R 0 ) behaves as
there is a minimum for F (R 0 ) when R 0 = √ 6µ 1 > R c . On the other hand, if α = 0, G(R 0 ) behaves as
when R 0 → 0 and
when R 0 → +∞. Hence for R 0 > 0, if α < 0, Γ ′ (R 0 ) > 0 when R 0 → +0 and Γ ′ (R 0 ) < 0 when R 0 → +∞. Therefore, there is a solution which satisfies Γ ′ (R 0 ) = 0 if α < 0. When α > 0, the existence of the solution depends on the details of the parameters.
In case α = 0, when R 0 → 0, G(R 0 ) behaves as
and when R 0 → +∞, we find
Hence even if α = 0, when β > 0, there is a solution for equation Γ ′ (R 0 ) = 0. When β < 0, the existence of the solution depends on the details of the parameters again. Thus, there could be a positive non-trivial solution for R 0 , which describes the quantum-corrected de Sitter space. One may play with the parameters of the theory under consideration in such a way that the quantum-corrected de Sitter space can provide a solution to the cosmological constant problem.
The above results indicate that the classical de Sitter solution (4.4) can survive when one takes into account the quantum corrections. A similar consideration can be done for any specific f (R) gravity.
The effective action (4.2) has been evaluated in the Euclidean signature, in which case we should recall that the 4d de Sitter space with positive constant curvature R 0 becomes a sphere of radius a = 12 R 0 .
(4.10)
The volume (area) of the sphere V is
Identifying d 4 x √ g ∼ V = 384π 2 R 2 0 , one may reasonably assume the local effective Lagrangian corresponding to (4.2) to be
The effective equation of motion is
with the curvature being covariantly constant, ∇ ρ R µν = 0, Eq. (4.13) reduces to Γ ′ (R 0 ) = 0 in (4.3). Supposing the FRW metric with flat 3-dimensional part,
the (t, t)-component of (4.13) has the following form
The Hubble parameter H is defined by H ≡ȧ a , as usual. We now split L eff (R) = L c (R) + L q (R), with
Let us assume that L q (R) are much smaller than L c (R) and consider the perturbation from the classical solution in (4.4), by putting
Note that L c (R) contains the quantum correction. From (4.15) it follows that
(4.20)
with
Since A + > 0, the de Sitter solution becomes unstable under the perturbation. Thus, for a specific modified gravity model we have demonstrated that the quantum gravity correction shifts the radius of the de Sitter space trying to destabilize the de Sitter phase. This may find interesting applications in the study of the issue of the exit from inflation or in the study of the decay of the dark energy phase.
Black hole nucleation rate
We have remarked (see Appendix A) that within the modified gravitational models we are dealing with, there is room for black hole solutions, formally equivalent to black hole solutions of the Einstein theory with a non vanishing cosmological constant. As in the Einstein case, one is confronted with the black hole nucleation problem [22] . We review here the discussion reported in refs. [22, 23] . Let us assume that we deal with a general model with Λ ef f > 0. Thus, we have de Sitter and Nariai Euclidean instantons. Within the semiclassical approximation, we have for the Euclidean partition function
where I is the classical action and Z (1) the quantum correction, typically a ratio of functional determinants. The classical action can be easily evaluated and reads
At this point, we make a brief disgression regarding the entropy of the above black hole solutions. To this aim, we follow the arguments reported in Ref. [19] . If one make use of the Noether charge method for evaluating the entropy associated with black hole solutions with constant curvature in modified gravity models, one has
As a consequence, in general, one obtains a modification of the "Area Law". For stable models like (2.2) with p > 0 (see below), one has f ′ 0 = 1 + 8pΛ. For the model (2.3), f ′ 0 = 4 3 , and thus [19] ,
In the above equations, A H = 4πr 2 H , r H being the radius of the event horizon or cosmological horizon related to a black hole solution. This turns out to be model dependent. It is interesting to note that for unstable modified gravity (with negative first derivative of f ) the entropy may be negative! We are interested in the case of de Sitter space, and we have
Thus, for the de Sitter solution,
and if we take into account the Eq. With the help of the one-loop effective action one can calculate quantum correction for classical entropy.
We may introduce the free energy F = − S β , where β = 2π 12 R 0 is the inverse of the Hawking temperature for the de Sitter space. As a consequence, we have [23] Z ≃ Z (1) (S 4 )e −βF ,
The rate of quasiclassical decay in the de Sitter space is present as soon asF has a non vanishing imaginary part and it is given by N = 2 ImF . When f (R) = R − 2Λ, the Einstein case, it turns out that Z((S 2 × S 2 ) has an imaginary part but Z(S 4 ) is real. As a result, in the Einstein case, the nucleation rate is [22, 23] 
Within our generalized models, the dynamics of the gravitational field is different. In fact, also in the de Sitter case, due to the presence of an additional term in the on-shell one-loop effective action related to the operator L 0 , see Eq. (3.26), there exists the possibility of negative modes. In fact, from Appendix B, one has
where n = 0, 1, 2, 3, ... It is clear that we have negative modes as soon as
For example, for the model
the quantity (5.12) is always negative and one obtains, at least, two negatives modes.
For the model
there are no negative modes as soon as p > 0, in agreement with the classical stability observed in ref. [21] . For p < 0, one has only a negative mode when
Thus, in general, within these specific modified gravitational models, de Sitter space is unstable due to quantum corrections.
Discussion
In summary, we have here calculated the one-loop effective action for general f (R) gravity in the de Sitter space. Generalized zeta regularization has been used to obtain a finite answer for the functional determinants in the effective action, what has proven to be a very convenient procedure. The important lesson to be drawn from this calculation, generalizing the previous program for one-loop Einstein gravity in the de Sitter background, is that quantum corrections tend to destabilize the classical de Sitter universe. The constant curvature black hole nucleation rate can be discussed within our scheme. Note that, typically, f (R) models may contain (depending of course on the explicit form of f ) more negative modes, aside from the Einstein one. Another lesson we have learned is that the inverse powers of the curvature (which are important at current epoch) do not arise from the perturbative quantum corrections, as has been explicitly demonstrated here. Some remarks about black holes and associated entropy in modified gravity have been also made.
There are several directions in which our results can be extended and applied. First of all, one can repeat the whole calculation of the functional determinants for the case of Anti-de Sitter space. Then, the one-loop effective action found in the third section can be given also for the Anti-de Sitter universe. In relation with the AdS/CFT correspondence, our approach can be very interesting for the study of the (de)stabilization of such a universe against quantum corrections. On the other hand, it can be also important in the search for the solution of the cosmological constant problem within hyperbolic backgrounds in the large distance limit [29] , what will be discussed elsewhere. Second, having in mind the current interest on gauged supergravities in de Sitter space, one can try to formulate the theory of f (R) gauged supergravity and to study the relevance of quantum effects for such theories.
rA ′′ + 2A ′ , (A.4)
If we look for a constant curvature solution, we should have
The general exterior solution depends on two integration constants, c and b, and reads
However, this solution has to satisfy the equation of motion
As a result, it is easy to show that these equations are satisfied with b = 0 and c arbitrary, and we have (see for instance [27, 19] )
Since A(r) > 0, we can have k = 1 only for positive R 0 , and this is the Schwarzschild-de Sitter solution. For R 0 < 0, we may have k = 1, namely the Schwarzschild-AdS solution. We may also have k = 0, with a torus topology for the horizon manifold, and k = −1, with an hyperbolic topology for the horizon topology, the so called topological black holes [27] . The constant c is related to the mass of the black hole. The de Sitter solution is obtained when R 0 > 0 and with c = 0 and k = 1, the AdS solution is obtained when R 0 < 0 and with c = 0 and k = 1. For c non vanishing, one has black hole solutions. These black hole solutions may have extremal cases and extremal limits. The extremal case exists for k = −1. For k = 1, R 0 > 0, one has only the extremal limit of the Schwarzschild-de Sitter solution (see, for example [28] and references therein), and the metric reduces to
This is a space with constant curvature R 0 solution of Eqs. (A.8).
B Evaluation of functional determinants
Here we shall make use of zeta function regularization for the evaluation of the functional determinants appearing in the one-loop effective action, Eq. (3.28) computed in the previous section. First, we outline the standard technique, based on binomial expansion, which relates the zeta-functions corresponding to the operatorsÂ, with eigenvaluesλ n > 0 and A = R 0 12 (Â − α), with eigenvalues λ n = R 0 12 (λ n − α), α being a real constant. With this choice,λ n and α are dimensionless. We assume to be dealing with a second-order differential operator on a D dimensional compact manifold. Then, by definition, for Re s > D/2 one haŝ
where, as usual, zero eigenvalues have to be excluded in the sum. In order to use the binomial expansion in (B.2), we have to treat separately the several terms satisfying the condition |λ n | ≥ |α|. So, we write
N 0 being the number of zero-modes. It has to be noted that (B.3) is valid also in the presence of zero-modes or negative eigenvalues for the operator A. In many interesting cases, F α (s) and F (s) are vanishing and thusĜ(s) =ζ(s).
As is well known, the zeta function has simple poles on the real axis for s ≤ D/2 but it is regular at the origin. Of course, the same analytic structure is also valid for the functionĜ(s). 
Now, from previous considerations, one obtains
and finally
γ being the Euler-Mascheroni constant. If there are negative eigenvalues then F ′ α (0) has an imaginary part, which reflects instability of the model.
In the paper we have to deal with Laplace-like operators acting on scalar and constrained vector and tensor fields in a 4-dimensional de Sitter space SO (4) . In all such cases, the eigenvalues λ n and relative degeneracies g n can be written in the form
where n = 0, 1, 2... and c 1 , c 2 , ν, α depend on the operator one is dealing with. In our cases we have n being the number of terms not satisfying the conditionλ n > |α|. In order to proceed, we have to compute the quantitiesb k andâ k for k = 0, 1, 2. To this aim, we note that Hurwitz functions have only a simple pole at 1 and, more precisely, We see that there is an imaginary part since there are negative eigenvalues.
The vector case
The For the vector case, q = 3 is a pure number and so α = 25/4 =λ 0 . Thus there is a zero-mode with multiplicity equal to 10 (N 0 = 10) and this has to be excluded in the evaluation of zeta function. As a consequence, we have F α (s) = 0,F (s) = 10 α −s , b 0 =b 0 − 10, a 0 =â 0 + 10γ, a 1 =â 1 − 10α −1 , a 2 =â 2 − 10 α −2 , and for k ≥ 3 
